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INTEGRAL CLOSURES OF COHEN-MACAULAY 
MONOMIAL IDEALS 

ABDUL SALAM JARRAH 


Abstract. The purpose of this paper is to present a family of Cohen- 
Macaulay monomial ideals such that their integral closures have embed¬ 
ded components and hence are not Cohen-Macaulay. 


1. Introduction 

Let R be an arbitrary ring. Krull ||] asked whether there exists a primary 
ideal I such that the integral closure I of I has embedded primes. Huneke 
0 gave a counterexample, his example in a 3-dinrensional regular local ring 
of characteristic 2. No other examples have appeared in the literature. The 
long history of Krull’s question and the machinery that is required to under¬ 
stand Huneke’s example suggest that there might not be an easy counterex¬ 
ample. In fact, it is easy to see that if / is a P-primary monomial ideal in 
a polynomial ring, then the integral closure I of I is a P-primary monomial 
ideal. Thus, there is no monomial ideal that can serve as a counterexample 
to Krull’s question. Vasconcelos asked a relaxed version of Krull’s question, 
namely whether there exists an unmixed monomial ideal I in a polynomial 
ring such that the integral closure / has embedded primes. 

In this paper, I present a family of Cohen-Macaulay monomial ideals 
such that their integral closures are not Cohen-Macaulay, in particular, their 
integral closures have embedded primes. Thus, each example in this family 
is a counterexample to Vasconcelos’s question. Naturally, this family is not 
the only family of monomial ideals with this property. Another Cohen- 
Macaulay monomial ideal is given at the end which does not belong to the 
family, but whose integral closure has an embedded prime. 

Throughout this paper, n and t are positive integers and n > 3. 

2. Examples 

Let R = k[x i,... ,x n ] = &[x] be a polynomial ring over an arbitrary field 
k. For any positive integer m, let [m] = {1 For i £ [n], let 

ei = (t,..., t, 0, t,... , t) £ R n , with 0 is in the i-th coordinate. Thus the 
corresponding monomial with exponent e* is x 6i = x\ ■ ■ ■ , 1 ■ ■ ■ x^. 

Consider the monomial ideal 

In it = (x 61 ,... ,x e "). 
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For i,j € [n] and i 7 ^ j, it is easy to see that I n x C Thus I n _t C 

nm 1 n;= i+ i (x ■, Xj ) and it is easy to see that equality holds. Moreover, 
without lose of generality, ir =2 £ (4>4)> sillCe 4 •••*n e 

nr =2 n"=i+i(*i> 4) but 4 ''' 44 (4> 4)- Therefore, 

n—1 n 

4,t=n n (4>4) 

2—1 j=i+l 

is the minimal primary decomposition of I n j- In particular, has no 
embedded primes and codim(/ n t ) = 2. On the other hand, the minimal free 
resolution of R/I n ,t is 



Hence, the projective dimension of R/I n ,t equals 2. Since codim(/ n)t ) is 
equal to the projective dimension of R/I n j, I n ,t is Cohen-Macaulay. 

Let r be the set of exponents of monomials of I n t. Let Q be the convex 
hull of T in R| 0 . 

Theorem 2.1. Let (ai,..., a n ) € H. Then, for s € [n] and {i \,..., * s } C 
[n], we have 

oq + • • ■ + a is — 4 s — I)- 

Proof. Since Ll is the convex hull of exponents of monomials of I n j in M> 0 
and I n ,t = (x ei ,... , x e "), there exists, for i 6 [n], q > 0 and di > 0 such 
that ci + • • • + Cn = 1 and 

(oi > ■ • ■ > O'j , • • • i ) — ciei + • • • + c n e n + (di, • • •, d n ) . 


(oi > • • ■, cij,..., a n ) -L ciei T ■ ■ ■ T c n e n 

n n n—1 

i =2 2—1 2—1 


Thus 
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In particular, for j £ [n], we have aj > t Y^i=X c i- 


[n], we have 


Therefore, for {*i,..., i s } C 


n n 

a i! + • • • + a i„ > t (y ] c i + ■ • • + y ] Cj) 

2=1 2=1 

2/21 2/2 s 

n 

= -c is + S ^2 C i) 

2=1 

> t(s — 1). 


□ 


It is well-known, see |3], Exerice 4.23], that the integral closure I ni t of I n> t 
is the monomial ideal generated by the integral points in 17. Thus 

ln,t = « ■ ■ ■ xff : (oi,...,a ri )eOn(NU {0}) n ). 

Let 

\i,t : ={(a-i, • • •, a n ) : ai £ [t] for all i and a\ + • • • + a n = t(n — 1 )} 

U {ej : i = 1,... ,n}. 

The following theorem gives a finite set of generators of I n j.. 

Theorem 2.2. Let A n j and I nt t be as above. Then 

In,t = (^i 1 ''' x n n : ( 01 , • • •, a n ) £ A n j). 

Proof. Let (ai ,... ,a n ) £ A n>t . For j £ [n], let 

co¬ 
rn = 1 - 
J t 

It is straightforward to check that Cj > 0, ci + • • • + c n = 1, and ciei + 
• • • + c n e n = (ai,..., a n ). Therefore, (ai,..., a n ) is a convex combination of 
ei,..., e n . Thus (ai,..., a n ) £ f), and hence x ® 1 • • • x“ n £ I n j. 

To prove the other inclusion, let ( 61 ,..., b n ) £ fln(NU{0}) n . It is enough 
to find (ai,..., a n ) £ A n j such that ai < bi for all i. But I n j C (x“ x • • • x“ n : 
(ai,... ,a n ) £ A n< t), so we need to prove the above statement only for the 
case when x b f ■ ■ ■ x b f £ I n ^ \ I n ,t■ Since x bl ■ ■ ■ x ^ I n j, there exists s > 2 
and {*i,... ,i s } C [t] such that b^,..., bi g < t. Let s be maximal with this 
property and without lose of generality, assume = { 1 , ...,s}. 

Then 61 ,..., b s < t and 6 s+ i >... ,b n >t. Let a s+ i = ts — (b\ + • • • + b s ). By 
Theorem ^d], a s+ i <ts — t(s — 1) = t. Also, a s+ i > 0, since bi 1 ,..., b, s < t. 
Thus a s+ i £ [t]. It is clear that the n-tuple ( 61 ,..., b s , a s+ i, t,..., t) £ 
Aand x bl ■ ■ ■ x ba x a s 3 _£f x * +2 ■ • • x f n divides x bl ■ ■ ■ x We conclude that 
x bl ■■■ x b n n £ (x ® 1 ■ ■ ■ x“" : (ai,..., a n ) £ A n)t ). □ 
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Example 2 . 3 . In Figure |], the vertices of the triangle correspond to the 
generators of the ideal 1 3,4. Also, all the dots inside and on the boundary of 
the triangle correspond to the generators of the integral closure 13,4 of 7,3.4. 



The following theorem shows that I n t has an embedded associated prime 
for t > 2. 

Theorem 2.4. For t > 2 , the integral closure I n j has ( xi,X2,X3 ) as an 
embedded associated prime. 

Proof. By Theorem it is easy to see that (7 n)t '■ xix 1 ^ 1 x| _1 x\ ■ ■ ■ x^f) = 
(xi, X2, x 3 ). Hence, by [l], Theorem 4 . 5 ], (xi,X2,x 3 ) G Ass (R/I n j). Using 
the same argument, we find that (I n j : x^x^ ■ ■ ■ x^f) = (x±, xf) and hence 
(xi , X 2 ) G Ass (R/I n j). Thus (xi,X 2 ,xs) is an embedded prime. □ 

Analogously, I n) t has at least (3) embedded primes, one for each triple 
of variables. Since I n j has embedded primes, by || Theorem 17 . 3 ], the 
following corollary is straightforward. 

Corollary 2.5. The ideal I n .t is not Cohen-Macaulay for all t > 2 . 

In the following example, we compute the ideal 1 32- 

Example 2 . 6 . 7,3.2 = (x\x\, x\x\, x\x\) = (x 2 ,x 3 ) n {x\,x\) n {x\,x\). By 
Theorem \ 2 . 2 [ it is easy to see that 

T / 2 2 2 2 2 2 2 2 2 \ 

h,2 = {X 1 X 2 ,X 1 X 3 ,X 2 X 3 ,X 1 X2X 3 ,X 1 X 2 X 3 ,X 1 X2X 3 ). 
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Moreover, 

7 3 ,2 = (xl,x 2 x 3 ,xl) n (xj,xix 3 ,xf) n (x\, xix 2 ,x\) Cl (x\,xl,x\). 

It is clear that (x\,x\,x\) is an embedded component of 1 3) 2- 

I have found many other families of examples but I presented only the 
simplest one. In the following example, I give a Cohen-Macaulay monomial 
ideal which is not in the family above and whose integral closure is not 
Cohen-Macaulay. 

Example 2 . 7 . Let S = k[x,y, z,w\ be a polynomial ring over an arbitrary 

field k. Let I = (x 3 yz,x 2 w 2 ,y 2 w 3 ) = (x 2 ,y 2 ) fl (x 3 ,x 2 w 2 ,w 3 ) fl ( y,w 2 ) n 

(z, w 2 ). Since all the components have codimension 2, there are no inclusion 

relations among them, so by the uniqueness of minimal primary components, 

the above decomposition of / is irredundant. Thus / is a generic (see Jj], 

Definition 1 . 1 ]) monomial ideal with no embedded primes. By [ 7 |, Theorem 

2 . 5 ], / is Cohen-Macaulay. Now by using the computer algebra system 

Normaliz H, the integral closure / of I is 

T/3 2 2 2 3 2 2 22 3 \ 

1 = (x yz,x w ,y w ,x y zw,xy zw ,xyw ). 

It is easy to see that (/ : xyw 2 ) = (x,w) and (I : xy 2 w 2 ) = (x,z,w ). Thus 
/ has (x, z, w) as an embedded prime and hence is not Cohen-Macaulay. 
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